Tracking problem in spherical coordinates with range rate (Doppler) measurements, which would have errors correlated to the range measurement errors, is investigated in this paper. The converted Doppler measurements, constructed by the product of the Doppler measurements and range measurements, are used to replace the original Doppler measurements. A de-noising method based on an unbiased Kalman filter (KF) is proposed to reduce the converted Doppler measurement errors before updating the target states for the constant velocity (CV) model. The states from the de-noising filter are then combined with the Cartesian states from the converted measurement Kalman filter (CMKF) to produce final state estimates. The nonlinearity of the de-noising filter states are handled by expanding them around the Cartesian states from the CMKF in a Taylor series up to the second order term. In the mean time, the correlation between the two filters caused by the common range measurements is handled by a minimum mean squared error (MMSE) estimation-based method. These result in a new tracking filter, CMDN-EKF2. Monte Carlo simulations demonstrate that the proposed tracking filter can provide efficient and robust performance with a modest computational cost.
Introduction
In tracking applications, target motion is usually modeled in Cartesian coordinates despite the fact that most sensors measure target parameters in a natural sensor coordinate system (CS) or frame. In the case of Doppler radar systems, the measurements consist of range, range rate and one or two angles. Tracking in Cartesian coordinates using these measurements is a nonlinear state estimation problem. To handle the position measurements (range and angle), it is preferred to convert them into a linear form in the Cartesian coordinates to avoid using nonlinear filters. This is the so called converted measurement Kalman filter (CMKF) Some researches are attracted to obtain the bias and covariance of the converted measurement errors [1] [2] [3] to seek consistent estimates. However, the range rate or Doppler measurements, which can provide additional information about target kinematic state, are not used in CMKF. It is more complex when the range rate measurements are involved. A conversion of range rate measurements into linear form does not exist, so nonlinear estimators have to be employed to cope with the nonlinearity of Doppler with respect to the target state. The extended Kalman filter (EKF) [4] [5] is a conventional method to solve the nonlinear tracking problem. Since the range rate are highly nonlinear with respect to target states, the EKF may potentially intro-duce suboptimal performance or possible filtering divergence issues which are inherently associated with the EKF [6] [7] . The converted Doppler measurement is constructed by the product of the range and range-rate measurements to reduce the measurement nonlinearity in Ref. [8] . But the statistics of the converted measurement errors are obtained by the linearization method which may not provide consistent estimates [2] . The sequential measurement processing scheme, which is favorable for both estimating accuracy and computational load, is introduced in Ref. [9] to process position and range rate measurements with Kalman filter (KF) and EKF sequentially. Then in Ref. [10] the converted Doppler measurements are constructed by the product of range and Doppler measurements to reduce nonlinearity and update the target state sequentially based on the second-order EKF. However, there is a disadvantage that the larger measurement error can be introduced especially for the long range targets when the converted Doppler measurements are exploited. To avoid large errors, Ref. [11] resorts to the unscented Kalman filter (UKF) to handle the raw range rate measurements. Performance improvement is observed in case of big correlation coefficient with comparison to the approaches in Ref. [10] . However the potential superiority of the weaker nonlinearity of the converted Doppler measurements is not exploited and more computational load would be required by UKF.
In this paper, a new tracking filter, which can not only reduce the nonlinearity of measurement but also suppress the measurement error, is presented to cope with target tracking where the errors of range and range rate are correlated [12] . First, the linear estimation model for the product of range and range rate is established and a de-noising filter is presented based on this model to reduce the noise contained in the converted Doppler measurements. Second, the covariance between the de-noising filter and the CMKF is calculated to derive a new estimator to extract information from the de-noised converted Doppler measurements. A similar work, handling the tracking problem with Doppler measurements in polar coordinates, was reported previously in Ref. [13] , but the correlation between the de-noised measurements and Cartesian states from CMKF was not investigated, and recursively sequential processing of the de-noised converted Doppler measurements may cause consistency problems.
Problem Description

System formulation
In Cartesian coordinates, the nearly constant velocity (CV) target motion can be modeled as
where 
arctan( ) 
The covariance matrix of the raw measurements can be expressed as 
Lower bound of performance
Since the measurement equation is nonlinear, the optimal solution to the problem formulated in Section 2.1 cannot be derived analytically. As a sequence, different approximate solutions are used to deal with target tracking with range rate measurements. A theoretical lower bound of performance would be helpful to assess the level of approximation introduced by a particular method. The Cramer-Rao lower bound (CRLB) on the variance of estimation error provides the performance The CRLB of target tracking with range rate measurements is derived briefly as follows.
As an unbiased estimator ˆk x , the target state at time step k is concerned, the CRLB on the estimation error has the form
where k J is the Fisher information matrix (FIM) and defined as
where {} E is the expectation operator, 
where [·] jj represents the element located at the jth row and the jth column of a matrix. The general framework for derivation of CRLB of an unbiased estimator for nonlinear discrete-time system is described in Ref. [14] , and the information matrix can be calculated by recursion
where k Q is the covariance of the process noise and k H the Jacobian matrix of the measurement equa-
Recursion in Eq. (13) can be implemented based on Monte Carlo averaging over multiple realizations of the target trajectory. Given the initial information matrix, we can calculate the CRLB through the recursion in Eq. (13) . In practice, the recursion can be initialized with the inverse of the initial covariance matrix of the filtering algorithm as
The filtering two-point differencing-based initialization method will be presented in Section 4.
Measurement Conversion
Measurement conversion equations
As is well known, the position measurements including range, azimuth and elevation in spherical coordinates can be transformed into linear forms in the Cartesian coordinates by
where superscript "p" is used to stand for position. In the above variables, c m m m cos cos 
where k K is the converted Doppler (i.e., the product of range and range rate), with a quadratic function of Cartesian states as 
Converted measurement errors
Measurement conversion can produce a new measurement vector with components either linear or quadratic in Cartesian states. However, the measurement errors become more complex and state dependent after measurement conversion. In order to perform effective filtering, appropriate error computation should be taken to obtain accurate measurement errors matching the true statistics.
Denote the bias and covariance of the whole converted measurement vector in Eq. (22), respectively, as
and
where p k R is the covariance of the coverted position measurements, ( )
They can be obtained by the nested conditioning method, which finds the mean and covariance condi-tioned on the unknown ideal measurement first and then finds their averages (expectations) conditioned on the noisy measurement [7] . The evaluation of the elements in Eqs. (23)- (24) is presented in Ref. [2] and Ref. [10] .
Tracking filter
De-noising of converted Doppler measurements
Instead of nonlinear filtering approaches as used in Refs. [9] - [11] , this paper presents a linear filtering technique to incorporate the Doppler measurements into the tracking system in spherical coordinates.
For the CV motion, the state equation in a generic Cartesian coordinate can be given as
where t is the sampling interval. The state vector consists of position and velocity in the directions of x, y and z, while the accelerations in each directions are assumed to be zero. Using Eq. (21) and Eq. (27), we can obtain the converted Doppler of time step k as
where the converted Doppler-based state is defined as
where d denotes the vector valued nonlinear function of Cartesian state. In practical situations, the "acceleration" of converted Doppler k K may not be zero. It is modeled here as a zero-mean white process noise with the assumption that the process noise of the Cartesian motion model is very small. This leads to the state equation as
Given the converted Doppler measurements, we can implement noise reduction over the converted Doppler measurements via a linear Kalman filter. We use the superscript "K " to denote the items for the converted Doppler measurements. The observation equation is 
The implementation of the de-noising filter is given as follows:
Position measurement filtering
The converted position measurement c,p k z is processed by the de-biased CMKF [1] to produce Cartesian state estimates. The time update and measurement update of the target state are implemented by
Covariance between de-noising filter and CMKF
The converted Doppler-based states described in Eq. (29) from the de-noising filter are nonlinear in Cartesian states. The states from the de-noising filter and the CMKF need to be combined to produce final target state estimates. Since the range measurements are used to construct both converted position measurements and converted Doppler measurements, the state errors of de-noising filter are correlated to those of the CMKF. In addition to the common range measurements, the process noise, based on which the two filters are formulated, is another driver of the correlation. In this paper, the process noise is assumed to be quite small so that the correlation arising from them can be neglected.
From the de-noising filter formulation described in Section 4.1, the error of | k k K x can be obtained as
Similarly, the error of
Then, the covariance between the state errors from the de-noising filter and the CMKF is given as
Eq. (45) is a linear recursion and its initial condition can be evaluated from the initial covariance between 
Final estimation
Considering the Cartesian states The measurement can be rewritten as ˆK
where K x represents the measurement noise, which is zero-mean, with covariance 
The higher-order-terms HOT are zero for the quadratic components of the converted Doppler-based state. The prior mean of measurement is obtained by taking expectation of Eq. (48) as
The covariance between the states to be estimated and the measurement can be obtained as
and the covariance of the measurement is
Then, the final state estimates can be provided by Eq. (46) and the covariance associated with this combined estimate is p 1 T ( ) ( ) xz zz xz P P P P P (54)
Similarly, the initial state and covariance of the de-noising filter are 1 1 ( )
respectively. The covariance between the states of the CMKF and the de-noising filter can be initialized as
Simulations
Simulating parameters
In order to evaluate the performance of the new tracking filter with converted Doppler measurement de-noising, a target with nearly CV motion is considered. The transition matrix is set as
Sampling interval t is 1 s. All of the process noises are generated as zero-mean uncorrelated Gaussian white noise with standard deviation 0.001 m/s To avoid a large number of figures, only the root mean squared error (RMSE) of position and velocity are used to examine performance of the proposed filter and are defined as Filtering errors of the new tracking filter with converted Doppler measurement de-noising (CMDN-EKF2) are compared with the CMKF method reported in Ref. [1] , the sequential filter with UKF and raw range rate measurement (SUKF) presented in Ref. [11] as well as the CRLB by Monte Carlo simulation with 400 runs.
The methods incorporating the Doppler measurements are expected to provide more accurate estimates than the CMKF, which only uses the position measurements. Therefore, the performance of CMKF can serve as a higher bound, while the CRLB serves as a lower bound of the tracking performance.
As usual, the computational complexity is also compared between the filters SUKF and CMDN-EKF2 by measuring the CPU load required for the MATLAB implementation of each of the filters, relative to the CPU load required by the CMKF. 
Performance of de-noising filter
Performance of tracking filter
The performance of the proposed tracking filter, CMDN-EKF2, is shown in Fig. 2 with comparison to CMKF and SUKF in terms of RMSE of position and velocity. In case of uncorrelated and moderate measurement errors, the CMDN-EKF2 and SUKF both benefit from the Doppler measurements, providing performance better than the CMKF. The CMDN-EKF2 exhibits a little advantage over the SUKF. As shown in Ref. [16] , the correlation coefficient U can be, for an upsweep linear frequency modulated (LFM) radar waveform, strongly negative, namely í0.9, while for a down-sweep LFM waveform, it is 0.9. Performance comparisons are conducted for these two situations with other parameters the same as the Section 5.2.
Only the results for the case with correlation coefficient í0.9 are shown (in Fig. 3 ) to save space. It can be seen that the RMSE of the SUKF rises obviously to be more close to the RMSE of CMKF, than the case with uncorrelated measurements. Contrarily, the proposed CMDN-EKF2 can still provide performance very close to the CRLB in the strongly correlated case. Fig. 3 Tracking performance in case of U =í0.9 (sampling interval is 1 s).
Influence of Doppler measurement errors
To evaluate the influence of Doppler measurement error on tracking performance, two cases with extremely small and large range rate deviations are investigated. rad, the benefit from exploiting the relatively raw Doppler measurements is not so significant, and both the SUKF and CMDN-EKF2 exhibit performances in an agreement with the CRLB and a little better than the CMKF, as illustrated in Fig. 6 . When the position measurement errors become very large, the ideal performance is much better than that of the CMKF. In the scenario of 0. rad, the CMDN-EKF2 method takes much benefit from the Doppler measurements, while the performance of the SUKF degrades largely due to the sensitivity to the position measurements, as shown in Fig. 7 .
Finally, the comparison of the computational complexity of the filters is described in Table 1 by computational load required by each filter relative to CMKF. The proposed CMDN-EKF2 filter requires a little more computational load than CMKF and much less computational load than SUKF. 
Conclusions
1) A linear de-noising filter is presented to process the converted Doppler measurements. Based on converted Doppler measurement de-noising, a new tracking filter is proposed to estimate target states with both position measurements and range rate measurements.
2) The linear evolution of the converted Doppler for the constant velocity motion is illustrated in simulations and the proposed de-noising filter is demonstrated to be able to perform sufficient noise reduction over the converted Doppler measurements.
3) Compared with the sequential filtering technique using UKF and origin Doppler measurements, the proposed new tracking filter can provide more efficient and robust tracking performance with a medium computational complexity.
